ABSTRACT This paper investigates the kinematics of free-floating space robots during motion planning for target capture. First, generalized kinematic mapping of free-floating space robots with open-chain multibody structures is established. To predict the reaction movement of spacecraft caused by the motions of its manipulators, a dynamic coupling matrix concept, the main contribution of this paper, is proposed to explicitly express position kinematics. The feasibility and effectiveness of the presented numerical implementation algorithms are then verified by solving forward and inverse kinematics problems. Then, applications in workspace analysis and motion planning are described. Finally, a discussion of the framework is presented.
I. INTRODUCTION
Space robotic systems are expected to reduce mission costs and the hazards to astronauts associated with extra-vehicular activities. They may be able to perform on-orbit servicing tasks such as maintenance, repairs, refueling of satellites and active debris removal in the future. Space robots, also known as robot satellites, usually have a basic structure of one or more manipulators carried by a spacecraft. A space robot may be operated in four different modes according to the different control strategies of spacecraft: a) both the position and orientation of spacecraft are fixed using thrusters (spacecraft posefixed mode); b) only the orientation is controlled by reaction wheels (spacecraft attitude-controlled mode); c) the pose of the spacecraft is controlled by thrusters to any desired value (free-flying mode); d) the spacecraft is totally uncontrolled (free-floating mode). A free-floating space robot (FFSR) has the advantage of energy saving. Accordingly, they have attracted the attention of researchers in recent years.
Target capturing, rendezvous and docking are typical operations in on-orbit servicing. Such operations can prolong the operating life of legacy satellites or de-orbit a noncooperative target. For this purpose, a FFSR must first identify targets within its workspace. The FFSR then deploys its end-effector to approach the grappling fixtures of the target satellite. In this way, a capture can be excuted when the relative position and attitude errors are within the admissible ranges. It is worth noting that the stabilisation of spacecraft attitude is necessary to retain the normal operations of solar panels and antennae when their arms are moving. The key to completing these important tasks is the motion planning of end-effectors, and workspace analysis on the basis of kinematic modeling. Unfortunately, space robots suffer from a problem of dynamic coupling in zero-gravity environments [1] - [9] . The position and orientation of spacecraft are disturbed by the movements of manipulators due to the lack of a fixed base. As a consequence, these reaction movements result in some undesirable adverse effects. For instance, the positioning performance of end-effectors is degraded. Furthermore, since the angular momentum equation is nonholonomic, the path planning schemes commonly used for ground-fixed manipulators cannot be directly applied to FFSRs [8] , [9, pp. 1-12] .
Researchers have made various attempts to investigate the kinematics of space robots in regard to these issues. However, innovative contributions are relatively limited. Kinematics are usually under the assumption of rigid elements, which is the main focus of this paper. To understand the various problems of flexible space robots, one can read the variant approaches of studies [5] - [7] . In a pioneering study, Vafa and Dubowsky [1] - [3] proposed the virtual manipulator (VM), an imaginary equivalent model, which can be used to simplify kinematic analysis. Actually, VM is an ideal massless chain whose base is fixed by a spherical joint at the mass center of the whole system. The end point of the VM will always coincide with the end-effector of the real manipulator. However, the rotation of the spherical joint, which represents the attitude disturbance of spacecraft, is not explicitly analyzed. Vafa and Dubowsky [1] - [3] used the reaction wheels to maintain the orientation of the spacecraft when solving inverse kinematics problems. Nevertheless, reaction wheels are easy to saturate and increase the complexity of the system. Umetani and Yoshida [8] , [9] proposed the insightful concept of the generalized Jacobian matrix (GJM), which reflects the differential motion of free-floating space robots. They combined conservation laws with geometric characteristic equations of FFSR and figured out the linear and angular velocities of reaction movement. The proposed GJM converges to the conventional Jacobian when the spacecraft is relatively massive. A multi-arm version of GJM can be found in [10] . In the case of inertial manipulation, some control algorithms based on GJM can be used. But the algorithms that use a Jacobian inverse fail at dynamic singularities. An infinite sudden change appears in the trajectory of the desired joint angular velocity. For more material about GJM, please refer to [11] - [15] . A unified kinematic approach was derived by Saha [16] , who reported that the total momentum of systems can be expressed as a velocity function of an arbitrary body. Saha also derived GJM when the spacecraft was selected as the primary body. Agrawal et al. [17, pp. 1-19] built a free-floating closedchain planar robot which floated on a flat table using air bearings at Ohio University. It was demonstrated that the common inverse position kinematics algorithms can be applied to FFSR by using an iterative search procedure to satisfy the nonholonomic constraints. The proposed algorithm is then used to avoid singularities. A kinematics modelling approach named barycentric vector approach (BVA) was proposed by Moosavian and Papadopoulos [18] . In BVA, the mass center of the system is taken as a representative point for the translational motion of the system, and a set of body-fixed vectors which reflect both the geometric configuration and the mass distribution of the system are used. Moosavian and Papadopoulos [18] selected the mass center of spacecraft as a representative point and presented the direct path method (DPM). Xi [19] proposed an inverse kinematics algorithm which moves the FFSR along a zero disturbance path (ZDP). As a result, the FFSR can be treated as a groundfixed manipulator. The solutions obtained by this method provide a path with minimum dynamic disturbance if ZDP does not exist. Some researchers [20] - [22] concentrated on a global motion description and introduced the screw theory as a common scenario. An acceleration-level inverse kinematics of redundant space manipulators was discussed in [23, pp. 976-986] . More recently, some scholars [24] , [25] focused their attentions on the kinematics of extreme limits, e.g. actuator joint failures. A unified multi-domain modeling and simulation system was developed by Xu et al. [26] , who implemented moving target capturing. The kinematics of a free-flying space robot in contact with a target satellite was presented in [27] and [28] . Based on force and moment transmission analysis, Papadopoulos and Abu-Abed [29] designed a three degrees of freedom (DOF) redundant manipulator aiming at achieving reactionless motion. Dynamic reaction forces and moments are eliminated by using force balancing and by following reactionless paths, respectively. Previous studies [30] - [32] have also emphasised multibody dynamics since FFSRs are typically multibody systems. Applications of kinematics to path planning for target capturing can be found in [33] and [34] . Xu [35] first pay attention to dynamic coupling and defiend the velocity-level end-to-base mapping as dynamic coupling factor. Recently, Xu et al. [36] derived the joint-to-base coupling matrix. Their contribution could be uesd in mechanical design. Reference [37] is a review of the modeling, planning and control of free-flying space robots.
The aforementioned literature review clearly shows that there is a knowledge gap in the explicit expression of position kinematics. To our knowledge, this problem has not been addressed in the past. Accordingly, this paper investigates position kinematic modeling for free-floating space robots, i.e., where the thrusters and reaction wheels are turned off. This paper is particularly relevant to on-orbit servicing satellites such as the chaser of the Engineering Test Satellite VII. Methods proposed in this paper are based on the kinematics of real mechanical links, rather than imaginary links. In other words, this is a relatively straightforward process. Unlike Agrawal et al. [17, pp. 1-19] , we consider free-floating space robots with open-chain structures. The remainder is organised as follows. Section II describes the preliminaries. In Section III, the position kinematic modeling is conducted. In Section IV, the proposed algorithms are verified by compare with two well-established algorithms, VM and GJM, while solving basic kinematics problems. Applications in workspace analysis and motion planning are described in Section V. Discussion and conclusions are presented in Sections VI and VII, respectively.
II. PRELIMINARIES A. PROBLEM FORMULATION
In fact, the kinematics research approach is to establish mapping between joint space and Cartesian space. The forward kinematics problem is to solve the pose of end-effectors given joint angles or joint angular velocities. In contrast, the inverse kinematics problem is to solve the required joint angles given the desired pose of end-effectors. However, in free-floating mode, the reaction movements of spacecraft relevant to motion history and inertial distribution are unknown. This makes forward kinematics problems difficult to solve. Moreover, the solutions of inverse kinematics problems are not unique when considering the redundancy of FFSRs. To cope with these problems, this paper investigates not rate kinematics, but position kinematics. As is well-known, the reaction movements of spacecraft can be described by a homogeneous matrix with a translational vector and a rotation matrix. We studied the geometric relationships of spacecraft and their arms under different coordinate systems and analysed changes in position. An equivalent method was used to analyse attitude change. Finally, the reaction movements of spacecraft are determined. 
B. ASSUMPTIONS
In this paper, the authors assume a simple geometric model of a free-floating space robot with a multiple articulated arm (see Fig. 1 ). In order to clarify the point at issue, four assumptions are presented as follows. It is worth mentioning that some of them are not strictly limited, i.e. they could be further extended. (a) The whole system is composed of rigid bodies. Each link is connected to two joints at most. Each joint has one rotational or translational degree of freedom. An end-effector is fixed to each arm. (b) No external forces and torques act on the system, so that linear/angular momentum conservation, and the conservation law of the motion of a mass center, hold true during the operations. The initial linear momentum and angular momentum are assumed to be zero. (c) A system with an open-chain multi-body structure is considered. The initial configuration of the system (attitude of spacecraft and relative joint displacements) can be measured by equipped sensors, and is accurately known. (d) Adverse effects caused by joint friction and joint clearance are ignored, i.e. ideal joints are assumed.
C. COORDINATE SYSTEM
The inertial frame 0 (x 0 − y 0 − z 0 ) is introduced as an absolute coordinate system. Additionally, we specified that each body has a body-fixed frame centered at its mass center. The axes of a body-fixed frame are the principal axes of inertia. The spacecraft frame is denoted by 1 (x 1 − y 1 − z 1 ) and the body-fixed frame of the j th link of the i th arm is denoted by ij (x ij − y ij − z ij ). Each end-effector has a frame iE (x iE − y iE − z iE ) whose attitude is identical to its fixed link and is located at the terminal point of its fixed link. 
D. NOMENCLATURE
The nomenclature is presented in Table 1 . Throughout this paper, vectors and matrices are denoted in boldface. For a variable, its superscript (subscript) denotes the reference coordinate system (spacecraft, body or joint). L i, j−1 and L ij is connected by J i, j−1 .
III. METHODOLOGY AND FRAMEWORK
The main contribution of our work is the theoretical constitution of explicit position kinematics modeling ( Fig. 2) . At first, generalised kinematic mapping of free-floating space robots with open-chain multi-body structures is established based on Lie group exponential products. In order to solve the term of reaction movement of spacecraft, the position and attitude changes are then analysed. The authors propose a new concept of dynamic coupling matrix to describe the reaction movement. Details about numerical implementation are presented in Section III-D. Particle swarm optimisation is used in the inverse kinematics solution when an optimum solution is required.
A. GENERALISED KINEMATIC MAPPING
In this section, the authors establish a generalised kinematic mapping system that works for an arbitrary number of arms. On the premise of considering the reaction movement of spacecraft T 0 1 , the kinematic mapping of arm k is established (see (1)) by utilising the findings of Chhabra and Emami [22, pp. 61-75] . For more details about Lie group exponential products, please refer to [38, pp. 39-61] .
(1)
where the twist of each joint is given by [22] 
FIGURE 2. Theoretical constitution of position kinematics modeling.
Thus, the generalised kinematic mapping of the whole system in Fig. 2 is formulated as
where
B. POSITION KINEMATICS ANALYSIS
Analysis of reaction movement of spacecraft is conducted in this section. Let the reaction movement take the form of a homogeneous matrix
where R and r denote the rotation matrix and translational vector. Thus, the position change of the spacecraft is derived.
Applying (8) to (9), the translational vector is given by
1) POSITION CHANGE OF SPACECRAFT
According to the conservation law of mass center motion, the mass center of the whole system remains static, i.e. the following equation can be obtained.
= constant(i = 2, 3, . . . , s; j = 2, 3, . . . , n i ) (11) Considering about the geometric relationship, we have
and the position change
By substituting (12) and (13) into (11), the position change of spacecraft with respect to the inertial coordinate system can be expressed as
It is clear that the complicated position change of spacecraft under the inertial system can be rephrased as a weighted sum of the position changes of manipulators under the spacecraft coordinate system. The homogeneous form of manipulator motion change is
It should be noted that the algorithm described by (15) above can be easily extended to cases where the initial momentum of the system is non-zero. That is to say, the mass center retains uniform linear motion according to the conservation law of mass center motion.
2) ATTITUDE CHANGE OF SPACECRAFT
Obviously, reaction movement can be obtained iff R is figured out. Therefore, an augmented body is introduced to analyse the attitude change of the spacecraft. An augmented body (AB) is an equivalent model, which assumes that the mass of each branch concentrates on the center of the adjoining joint of the selected body. For more information about augmented bodies, please refer to [39] - [41] .
As shown in Fig. 3 , the augmented body of L ij is denoted byL ij . The mass center ofL ij , denoted as G ij , can be determined bȳ The vector from G ij to C ij or joint centers can be defined as 
where the central inertial tensor can be calculated by the center moment of inertia I ij k k (k = x, y, z).
In accordance with the results of [39, pp. 27-35] , the following dynamical equation can be written.
It is well known that a relationship between the angular velocity ω 1 ij and the joint velocities can be expressed as (22) where the joint angular velocityθ ij can be a time function of an arbitrarily-prescribed trajectory. Hence, the changes in the Cardan angles η 0
T of spacecraft are acquired through solving (23) by Runge Kuta algorithm [42] .
Consequently, the rotation matrix in (8) 
3) DYNAMIC COUPLING MATRIX
By solving simultaneous equations of (8), (10), (14), (16)- (24), the reaction movement can be solved as a function of θ ij (refer to (25)).
For this reason, an explicit expression of position kinematics is obtained. The authors propose a new concept and name it dynamic coupling matrix (DCM). To a large extent, DCM is affected by mass distribution and joint angles. Finally, the position and attitude of ε i can be obtained by applying (25) to (1) . The relationships between DCM and the joint-to-base coupling matrix [36] are discussed in Section VI-D.
In this section, particle swarm optimisation (PSO) is briefly reviewed with the purpose of obtaining an optimal solution ofθ i2 (i = 1, 2, . . . , s) in Section III-D2. PSO is an evolutionary computation technique originally developed by Kennedy and Eberhart [44, pp. 1942-1948] . For more about applications of PSO, please refer to [45] - [47] . In PSO, the potential solutions, called particles, fly through the problem space. Each particle has its own location, w k , and velocity, v k , whose dimensions are determined by the solution space. The velocity direction of a particle is affected not only by its own best position P k , but also by P g k among VOLUME 5, 2017 all particles (see (27) ). The update of position is formulated in (28) . After a sufficient number of iterations, the particles will eventually cluster around the neighborhood of fitness solution.
where tol is the amount of particles, rand 1 and rand 2 are two random numbers between 0 and 1, and d 1 and d 2 are two positive constants.
D. NUMERICAL IMPLEMENTATION ALGORITHMS 1) FORWARD KINEMATICS SOLVING
Algorithms of numerical implementation are elaborated in this section. Let each body have a regular shape and uniform distribution of mass. Consequently, the initial center position of each joint, the initial mass center position of each link, and the initial end position of each arm can be calculated in terms of (29) .
where l ij is the link vector from the center of J i,j−1 to the center of J ij . The transformation matrix between the two adjacent bodies is expressed as
The forward position kinematics solution algorithm can be described by the following procedure (see Algorithm 1, time complexity: O(n)).
2) INVERSE KINEMATICS SOLVING
Regarding inverse position kinematics, we specify not only the desired pose of end-effectors T 0 iE (t f ), but also 
kE (t 0 )).
State update: Variables(t) ← Variables(t + t).

End 7
Return T 0 kE the desired pose of each link T 0 ij (t f ). By doing so, a unique solution can be derived. Required joint angles θ ij (i = 2, . . . , s; j D 3, . . . , n i ) can be calculated by backstepping. Then PSO is exploited to calculate θ i2 (i = 2, . . . , n.). Joint angular velocities can be obtained if uniform rotations are assumed. The transformation relationship of each link of arm i can be faithfully represented by
Therefore, it is easy to obtain
where · m 1 denotes the m 1 matrix norm. For matrix B =
b ij . By substituting θ ij (i = 2, . . . , n; j = 3, . . . , n i ) into DCM, DCM is only governed by θ i2 . We solve θ i2 by employing the following simultaneous equations. 
DCM(θ
s2 )eξ 0 s2 θ s2 = T 0 s2 (t f ) · T 0 s2 (t 0 ) −1(33)
Algorithm 2 Inverse position kinematics
Desired joint angular velocitiesθ ij .
Initialization Twists
If analytical solutions of θ i2 are unavailable, then the problem has to be rephrased. In this case, the solution of θ i2 can be transformed into an optimal problem with the following objective function
subject to θ min i2 ≤ θ i2 ≤ θ max i2 , which indicates the mechanical restrictions of the joints. Then, PSO is used to obtain the optimal solution by minimising the objective function.
where · F denotes the Frobenius norm and f ij denotes corresponding elements in f (θ i2 ). Thus, the inverse position kinematics solution algorithm is presented (see Algorithm 2, time complexity: O(n)). It should be noted that the basis for computing θ i2 is as follows. DCM is not always T 
IV. METHOD VERIFICATION
The preceding algorithms are verified by comparative experiments while solving forward and inverse kinematics problems in this section. Table 2 shows the simulation environment of this paper. In order to evaluate the performance of the algorithms for large-scale system, a geometric model for a triple-arm free-floating space robot was constructed. The vertical view (look along the -z 0 -axis) at the initial time is illustrated in Fig. 4(a) . Although the end-effectors were neglected while drawing, this will not influence the analysis of the results. Each arm consists of two links. Without loss of generality, all joints are assumed to be revolute joints whose axes can be found in Table 3 . The authors specified that each arm was initially fully unfolded. The position of the end-effector in the x-y plane is labeled out. It comes as no surprise that the inertial coordinated system can be selected arbitrarily. In this regard, we assume that 1 is coincident with 0 . Table 3 shows the simulation parameters. For the convenience of calculation, each body is assumed to have a rectangular structure. Fig. 4(a) .
The comparative experiment is performed by utilising two well-established algorithms, VM [3] (pp. 3-21) and GJM [9] (pp. 303-314). On one hand, the VMs of the system in Fig. 4(a) are shown in Fig. 4(b) . It is clear that the end-effectors in the two figures are coincident. Actually, we constructed three virtual manipulators by choosing different end-effectors as points of interest. The triple-arm VM is a combination. Augmented body are used to calculate the rotation of the spherical joint (refer to Section IV-A). On the other hand, the velocities of the end-effectors and spacecraft are solved by utilizing GJM. Then, the poses changes are derived by numerical integration.
A. FORWARD KINEMATICS PROBLEM
This paper specifies the joint angular velocities asθ 22 
According to Algorithm 1, the motion of the triple-arm free-floating space robot is shown in Fig. 4(c) . It is clear that the motions of three arms results in pose disturbances to the spacecraft. The position forward kinematics, i.e. position coordinates and attitude angles are solved by DCM, VM and GJM (see Fig. 5 ). Solutions of DCM at final time are labelled in parentheses (see Fig. 4(c) and Fig. 5 ). By introducing augmented body, the rotation of the spherical joint of VM during the procedure are obtained (see Fig. 5(b) ). Thus, the VM operates in free-floating mode. Although the simulation time is short and the joint angular velocities are relatively small, the position and attitude of the spacecraft (Fig. 5(a) and (b) ) are still changed obviously in 3-dimensional Cartesian space. Conversely, the poses of end-effectors are affected (see Fig. 5(c)-(h) ), e.g. the z-coordinate of end-effector 4 has a non-monotonous trajectory (see Fig. 5(c) ). It is not difficult to see that the trajectories of pose change calculated by these three methods are almost coincident, i.e. the effectiveness of our method are verified to a large extent. Compared with VM, DCM has a more intuitive explanation for solving the forward position kinematics problem. Taking the solutions of GJM as references, the root-mean-square-errors (RMSE, see (36) ) and the maximum errors (ME, see (37)) of pose of spacecraft solved by DCM and VM could be found in Table 8 and Table 9 .
where i = spacecraft, end − effector k, k = 2, 3, 4; q = x, y, z, φ, θ, ψ.q j i (t) denotes the result q of i body at time t solved by j.
It is clear that both the RMSE and ME of position coordinates calculated by DCM are less than 0.03m. That of attitude angle are less than 0.02 • . Considering about the roundoff error, integration errors and errors of modelling parameters, this large-scale (three-arm seven-body) system has a satisfactory precision. The relationship between errors and step time is also discussed. We basically eliminate the errors by selecting smaller step time (see Section VI-C for detail).
B. INVERSE KINEMATICS PROBLEM
It is worth mentioning that the setting of a desired pose without first conducting workspace analysis can cause confusion. In other words, whether the pose can be attained is unknown. Actually, the input data (see Table 4 ) are the results of 5 th second of forward kinematic solution in Section IV-A. This not only guarantees the desired poses within the workspace, but also provides a standard solution as a reference. Besides, it is feasible since the effectiveness of the forward kinematics algorithm was verified previously. This inverse kinematics problem is solved by using Algorithm 2. The MATLAB PSO Toolbox is used to solve the required joint angles of J i2 (i = 2, 3, 4). The scale of the particle swarm is 100. As shown in Fig. 6 , the fitness value of the objective function converged after 300 iterations.
For comparative experiments using VM, a conventional analytical algorithm [48] (pp. 449-455) for inverse kinematics is adopted when the reaction wheels turn on, i.e. a constant spacecraft orientation. Since GJM is a rate kinematics algorithm, the position and attitude changes of end-effectors are obtained by numerical integration of the GJM results. The solution of the standard, DCM, VM and GJM methods are presented in Table 5 . It is clear that DCM and GJM have similar results and outperform VM on solving precision. Different from GJM, DCM, as a position kinematics algorithm, does not have dynamic singularities.
V. APPLICATIONS RESEARCH
This section presents two typical applications based on DCM. For convenience, we considered a planar single-arm triplelink free-floating space robot as shown in Fig. 7 . The simulation parameters can be found in Table 6 .
A. WORKSPACE ANALYSIS
Vafa et al. [1] defined fixed-vehicle workspace, constrained workspace and free workspace with regard to three different operating modes by utilizing VM. In this paper, the authors follow these concepts and apply DCM to workspace analysis. As shown in Fig. 9 , three types of workspace (surrounded by lines of the same colour) are obtained by using a Monte Carlo-based algorithm (Fig. 8) . Clearly, DCM and R are set to E 3 and 0 3×3 while calculating the fixedvehicle workspace and constrained workspace, respectively. Actually, the constrained workspace is not unique (the orientation of spacecraft is assume to be (0,0,0) T here). The free workspace is equal to the intersection of all possible constrained workspaces. Relevant information are presented in Table 7 . We define range radius of the workspaces as the subtraction of the inner limits from the outer limits of the circles. 
B. MOTION PLANNING
This section investigates the DCM based and VM based motion planning for static target capturing. We set the pose of grippling fixture of the target as desired pose of end-effector of FFSR. Capture condition is satisfied as long as relative pose is under error range (see Table 6 ). On one hand, flow chart of the former is shown in Fig. 10 . The desired poses of link 2 and 3 are also specified when considering about the uniqueness of inverse kinematics (see Section III-D2). Uniform rotations of joints are assumed, too. An acceleration phase and a braking phase are usually involved in practical applications. Therefore, the trapezoid algorithm [49] are extended from Cartesian sapce to joint space in this paper. The acceleration of initial phase and final phase are set to maximum joint acceleration (see Table 6 ). By locking joints, the zero accelerations of start time and termination time are guaranteed.
On the other hand, we firstly establish the VM of model in Fig. 7 . Then the reaction wheels are turned on to maintain the orientation of spacecraft. In this way, the VM is equivalent to a fixed-base manipulator. Again, the trapezoid algorithm is used to plan the joint velocities. However, the final poses of link 2 and link 3 are not necessary. Curves of motion plannings could be found in Fig. 11 .
The motions of FFSR and VM are shown in Fig. 11(a) and (b) . It is clear that, both poses of the endeffectors are very close to that of grippling fixture, i.e. the capturing conditions are satisfied. Moreover, the poses of first two links of arm solved by DCM based method achieve the desired poses. The attitude disturbance is relatively large. Conversely, the VM based method can keep the yaw of spacecraft zero. The main reason is the use of reaction wheels. Fig. 11 (e) and (f) illustrate changes of joint angles and joint velocitites. To a large extent, the operating life of a FFSR is determined by its fuel capacity. Thus, the energy consumptions are calculated in terms of (38) [50] . The majority of consumptions are attribute to joints driven (see Fig. 12 ). The DCM based method are more energy saving. Besides, a small amount of VOLUME 5, 2017 energy are used to maintain the spacecraft orientation (for computing method, please refer to Appendix B).
VI. DISCUSSION A. SPACECRAFT MASS AND WORKSPACE
Workspace is an important standard to measure one FFSR's operation ability. The mass ratio of system has significance in mechanical design since it certainly affects the workspaces. We select the geometric model of Section V-A as a reference and let the spacecraft mass change from 150 kg to 250 kg in 10 kg steps (the masses of other bodies remain constants). Changes in the three workspaces are given in Fig. 13 . It is clear that the fixed spacecraft workspace is invariant. The range radius of the other two workspaces increase slowly and the center moves along the x-axis direction.
B. ERROR ANALYSES OF MODELING PARAMETERS
The method proposed in this paper is based on the geometric model of the FFSR. However, there are errors in the modelling parameters. Therefore, an analysis of error effects is necessary. Since the DCM is an explicit expression of the reaction movement of the spacecraft, we describe the errors of r 0 11 and θ 11 in total differential forms ( (39)- (52)). A further analysis can be conducted based on the error model. Since the coefficients of partial differentials are complex, future work could be solving them with resort to software Mathmatica.
e( η 0 1 )
C. ERRORS AND STEP TIME
In this section, the relationships between errors and step time are discussed. Taking the solutions of GJM previously as reference (see Section IV-A), the errors of position coordinates of end-effector 2 solved by DCM and VM could be calculated. In order to updates some time-relevant state variables, such as inertia tensors, we discretize the simulation time by step time. Thus, the joint angular velocities are assumed to be constants during each control period. This will certainly generates errors. The authors choose different step times (t = 0.5s, t = 0.2s, t = 0.1s) and compares the errors (see Fig. 14) . If a smaller step time is chose, a better approximation of the real joints motions are obtained. The errors accumulation are lower. It is clear that the error curves of position coordinates are approach to zero as the step time decreases. The errors of attitude angles or of other bodies could be decreased in the same way. It should be mentioned that, the performances will not be improved obviously when the step time is less than 0.05s. It may be attribute to the use of Runge-Kuta algorithm when the rates of attitude angles of spacecraft are calculated. Besides, the smaller step time will leads to longer computation time.
D. DCM & JOINT-TO-BASE COUPLING MATRIX
In this section, the relationships between DCM and the joint-to-base coupling matrix derived by W. F. Xu [36] are discussed. The former is a functional matrix, which maps initial pose of the spacecraft to a new pose of the spacecraft. DCM belongs to study of position kinematics. However, the latter is a Jacobian matrix, which reflects transformation relation between the velocity spaces of joints and spacecraft. Obviously, it is a research on velocity kinematics. It is easy to obtain that, 
By solving simultaneous equations of (8), (10), (14), (23)- (25), (55), DCM could be obtained.
E. CONSTRAINTS AND FUTURE WORK
The methods proposed in our work are suitable for freefloating space robots with open-chain multi-body structure. Note that the two mentioned conservation laws will be ineffective if the force exerted on the system is non-zero, e.g. the reaction jet/wheel is open. This is a new approach which is largely theoretical at this point in time. More work is required to demonstrate its practical utility. Further study will emphasise: 1) a more suitable optimisation algorithm to avoid falls to local minima; 2) attitude control of spacecraft based on DCM; 3) improvement of motion visualisation; and 4) software development. Many semi-physical experimental systems have been designed to simulate zero-gravity environments on Earth [51] - [55] . In this paper, the proposed methods were verified mainly by numerical simulation. An alternative will be to use the gravity-setting options in the ADAMS virtual prototype, which is very similar to the idea of Liu [56] (pp. 61-75).
VII. CONCLUSION
This paper concentrates on the kinematics of free-floating space robots with open-chain multi-body structure. Firstly, generalised kinematic mapping based on Lie group exponential products was established. To deal with the problem of dynamic coupling, the conservation law of the motion of mass centers and augmented bodies were introduced. Translational vector and rotation matrix were then analysed. A new concept of a dynamic coupling matrix, the main contribution of our work, was proposed to describe the reaction movements of spacecraft. Moreover, algorithms for numerical study were also presented. Considering the existence of multiple solutions in free workspaces, the authors not only specified the desired pose of end-effectors, but also specified the desired pose of each link. Particle swarm optimisation was used to derive a set of optimum solutions. The effectiveness of the proposed methods was verified through comparison with the other two classical algorithms (VM and GJM) for solving forward and inverse kinematics problems. For the convenience of possible engineering applications, the proposed methods were further applied to workspace analysis and motion planning. Finally, we discussed a) the relationship between spacecraft mass and the range radius of the workspace, b) error analyses of modelling parameters, c) errors and step time, d) DCM and joint-to-base coupling matrix and e) constraints and future work.
APPENDIX
A. TABLE OF ERROR STATISTICS
Error statistics of forward kinematics problem solved by DCM and VM are presented in Table 8 and Table 9 . The solutions of GJM are taken as references.
B. ENERGY CONSUMPTION OF SPACECRAFT ORIENTATION MAINTAINING
This section briefly introduce the computing method of energy consumptions for spacecraft orientation maintaining. Firstly, the authors assume the reaction wheels are turn off. Secondly, the attitude disturbance is solved when cosidering joints motions in Fig. 11(f) . Thus, the changing rate of attitude angles are determined by calculating ratio of differencing and control periods. Then curve fittings are obtained by using quintic polynomial based on the scatters of rate (see (B1)-(B3)). Energy consumptions are derived by substituting (B1)-(B3) to (38) . 
